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a b s t r a c t
For two vertices u and v in a strong oriented graph D, the strong distance sd(u, v) between
u and v is the minimum size (the number of arcs) of a strong sub-digraph of D containing
u and v. For a vertex v of D, the strong eccentricity se(v) is the strong distance between
v and a vertex farthest from v. The strong diameter sdiam(D) is the maximum strong
eccentricity among the vertices of D. The lower orientable strong diameter sdiam(G) of a
graph G is the minimum strong diameter over all strong orientations of G. An orientation
D of a graph G is said to be an optimal strong (κ, d)-orientation of G if κ(D) = bκ(G)/2c
and sdiam(D) = sdiam(G), where κ(D) (resp. κ(G)) is the strong connectivity of D (resp.
connectivity of G). In this paper, we will show that each complete k-partite graph has an
optimal strong (κ, d)-orientation.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
For a strongly connected digraph D = (V , A), a set S ⊂ V is a separator if D− S is not strongly connected. A digraph D is
k-strongly connected (or k-strong) if |V | ≥ k+ 1 and D has no separator with less than k vertices. The largest integer k such
that D is k-strong is the vertex-strong connectivity (or strong connectivity) of D (denoted by κ(D)).
Denote by δ(G) the minimum degree of vertices of a graph G. Let D be a digraph. For a vertex v ∈ V (D), the sets
N+D (v) = {u ∈ V (D) − v | vu ∈ A(D)} and N−D (v) = {u ∈ V (D) − v | uv ∈ A(D)} are called the out-neighborhood
and in-neighborhood of v. The out-degree of v is denoted by d+D (v) = |N+D (v)|, while the in-degree d−D (v) = |N−D (v)|. For a
setW ⊆ V (D), we let N+D (W ) = ∪w∈W N+D (w) −W , N−D (W ) = ∪w∈W N−D (w) −W . Denote the sub-digraph of D induced
by W by D[W ]. For a set A′ ⊆ A(D), denote the sub-digraph of D induced by A′ by D[A′]. The minimum out-degree (resp.
minimum in-degree) of D is δ+(D) = min{d+D (v) | v ∈ V (D)} (resp. δ−(D) = min{d−D (v) | v ∈ V (D)}). If uv is an arc, we
also say that u dominates v and denote it by u→ v. For disjoint subsets X and Y of V (D), X → Y means that every vertex of
X dominates every vertex of Y , especially, if X = {u} (or Y = {v}), we usually write as u→ Y (or X → v). In this paper, we
consider only strong oriented graphs and refer to [1] for graph theory notation and terminology not described here.
The familiar distance d(u, v) between two vertices u and v in a connected graph G is the length of a shortest (u, v)-path
in G. Equivalently, the distance is the minimum size of a connected subgraph of G containing u and v. Using this equivalent
formulation of distance, this concept was extended by Chartrand et al. [2,3] to strongly connected digraphs, in particular to
strong oriented graphs.
Let u, v be vertices of strong oriented graphD. The strong distance sdD(u, v) (or simply sd(u, v)) between u and v is defined
as the minimum size (the number of arcs) of a strong sub-digraph of D containing u and v. In some sense, this definition can
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Fig. 1. Strong distance in a strong oriented graph with sd(w, v) = 3, sd(u, w) = 5, sd(u, x) = 6.
be considered as an alternative definition of Steiner distance between two vertices in digraphs, as the Steiner distance of a
vertex set S in a graph G is the minimum size of a connected subgraph which contains all the vertices of S. It was shown by
Chartrand et al. [2] that the strong distance is a metric on the vertex set of D. If u 6= v, then sd(u, v) ≥ 3. And sd(u, v) = 3
if and only if u and v belong to a directed 3-cycle in D. In the strong oriented graph of Fig. 1, sd(w, v) = 3, sd(u, w) = 5,
sd(u, x) = 6.
The strong eccentricity seD(v) (or simply se(v)) of a vertex v in a strong oriented graph D is
se(v) = max{sd(v, x) | x ∈ V (D)}.
The strong diameter sdiam(D) of D is
sdiam(D) = max{se(v) | v ∈ V (D)}.
For a connected graph G, Lai et al. [5] defined the lower orientable strong diameter sdiam(G) of G as
sdiam(G) = min{sdiam(D) | D is a strong orientation of G}.
Chartrand et al. [2] gave an upper bound on the strong diameter of a strong oriented graphD as sdiam(D) ≤ b5(n−1)/3c.
In [4], Dankelmann et al. showed the strong diameter and strong connectivity of a strong oriented graph satisfying the
following inequality.
Theorem 1.1 (Dankelmann et al. [4]). Let D be a strong oriented graph of order n and κ(D) = κ , then
sdiam(D) ≤ 5
3
(
1+ n− 2
κ
)
.
Let K(m1,m2, . . . ,mk) be a complete k-partite graph with vertex partition of cardinalitiesm1,m2, . . .,mk, where k ≥ 2.
It was showed in [5] that sd(u, v)was even for any orientation D of K(m1,m2).
Lemma 1.2 (Lai et al. [5]). For any orientation D of K(m1,m2), sd(u, v) is even for u, v ∈ V (D).
In [6], the present authors gave the lower orientable strong diameter of complete k-partite graphs.
Theorem 1.3 (Miao and Guo [6]). Let 2 ≤ m1 ≤ m2. Then
sdiam(Km1,m2) =

4, if m1 ≤ m2 ≤
(
m1
bm12 c
)
,
6, if m2 >
(
m1
bm12 c
)
.
Theorem 1.4 (Miao and Guo [6]). Let k ≥ 3, 1 ≤ m1 ≤ m2 ≤ · · · ≤ mk, where mk ≥ 2, and let m = m1 + m2 + · · · + mk−1.
Then
sdiam(K(m1,m2, . . . ,mk)) =

4, if
(
m
bm2 c
)
≥ mk,
5, if
(
m
bm2 c
)
< mk.
A familyF of subsets of {1, 2, . . . , n} is an antichain if no set inF is contained in another. The following is thewell-known
Sperner’s Lemma.
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Fig. 2. The strong orientation D1 of K(2, 2, 2)with κ(D1) = bκ(K(2, 2, 2))/2c, sdiam(D1) > sdiam(K(2, 2, 2)).
Fig. 3. The strong orientation D2 of K(4, 4)with κ(D2) < bκ(K(4, 4))/2c, sdiam(D2) = sdiam(K(4, 4)).
Lemma 1.5 (Sperner’s Lemma). Let F be an antichain on {1, 2, . . . , n}. Then |F | ≤
(
n
bn/2c
)
. The bound is attained by taking
F to be the family of all subsets of size bn/2c.
Let k ≥ 2, m1 ≤ m2 ≤ · · · ≤ mk and m = m1 + m2 + · · · + mk−1 ≥ 2. Then κ(K(m1,m2, . . . ,mk)) =
δ(K(m1,m2, . . . ,mk)) = m.Wehave known that for any orientationK ofK(m1,m2, . . . ,mk), κ(K) ≤ min{δ−(K), δ+(K)} ≤
bm/2c = bκ(K(m1,m2, . . . ,mk))/2c. Note that there exists some orientation of K(m1,m2, . . . ,mk) such that the
upper bound bκ(K(m1,m2, . . . ,mk))/2c can be reached, but its strong diameter is greater than the lower orientable
strong diameter of K(m1,m2, . . . ,mk). Furthermore, there exists some orientation K of K(m1,m2, . . . ,mk) in which
sdiam(K) equals the lower orientable strong diameter of K(m1,m2, . . . ,mk), but its strong connectivity is less than
bκ(K(m1,m2, . . . ,mk))/2c.
The digraph D1 shown in Fig. 2 is a strong orientation of K(2, 2, 2). By the orientation of D1, we know that κ(D1) =
2 = bκ(K(2, 2, 2))/2c. But vertices u and v cannot be contained in any directed 3-cycle or 4-cycle in D1. Furthermore, by
Theorem 1.4, we have sdiam(K(2, 2, 2)) = 4. Hence, sdiam(D1) ≥ sd(u, v) > sdiam(K(2, 2, 2)).
The digraph D2 shown in Fig. 3 is a strong orientation of K(4, 4). By the orientation of D2, we know that any two vertices
are contained in a directed 4-cycle. And by Theorem 1.3, 4 ≥ sdiam(D2) ≥ sdiam(K(4, 4)) = 4. Hence, sdiam(D2) =
sdiam(K(4, 4)) = 4. But for any vertex u ∈ V (D2), min{δ+(u), δ−(u)} = 1. Hence, κ(D2) = 1 < bκ(K(4, 4))/2c = 2.
It is clear that, for any orientation D of any graph G, the strong connectivity κ(D) of D is no more than a half of the
connectivity of G, that is, bκ(G)/2c, and the strong diameter sdiam(D) of D is at least the lower orientable strong diameter
sdiam(G) of G. Moreover, for an orientation D of G with κ(D) = bκ(G)/2c (resp. sdiam(D) = sdiam(G)), it is possible that
sdiam(D) > sdiam(G) (resp. κ(D) < bκ(G)/2c). An orientation D of a graph G is called an optimal strong (κ, d)-orientation
of G if and only if κ(D) = bκ(G)/2c and sdiam(D) = sdiam(G). We have the following main result.
Theorem 1.6. Let k ≥ 2, m1 ≤ m2 ≤ · · · ≤ mk, m = m1 + m2 + · · · + mk−1 ≥ 2, mk ≥ 2. There exists an optimal strong
(κ, d)-orientation of K(m1,m2, . . . ,mk).
In the next section, we will present the proof of the preceding theorem.
2. Proof of Theorem 1.6
Proof. We consider three cases according to the relation betweenm andmk.
Case 1.m ≤ mk ≤
(
m
bm/2c
)
.
Subcase 1.1. k = 2.
Let (V1, V2) be 2-partition of K(m1,m2), where Vi = {v(i)1 , v(i)2 , . . . , v(i)mi }, i = 1, 2.
First we suppose thatm1 = m2. Let D1 be the strong orientation of K(m1,m2) such that
A(D1) = {v(2)j v(1)i | i = j, j+ 1, . . . , j+ bm1/2c − 1, 1 ≤ j ≤ m2}⋃
{v(1)i v(2)j | i = j+ bm1/2c, . . . , j+m1 − 1, 1 ≤ j ≤ m2},
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where the subscripts are reduced modulem1.
In the proof of Theorem 1.3 (Miao and Guo [6]), we have shown that sdiam(D1) = sdiam(K(m1,m2)) = 4.
Now we prove that κ(D1) = bκ(Km1,m1)/2c = bm1/2c.
Assume that there is a vertex set S ⊂ V (D1) with |S| = bm1/2c − 1 such that D1 − S is not strongly connected. Let
D′1,D
′
2, . . . ,D
′
t be the strong components of D1 − S, t ≥ 2. There must exist a strong component, say D′1, such that either
N+D1−S(V (D
′
1)) = ∅ or N−D1−S(V (D′1)) = ∅. We may assume that N−D1−S(V (D′1)) = ∅ (the other case can be considered in a
similar way).
We assert that D′1 is not a trivial strong component of D1 − S. Otherwise, let V (D′1) = {v1} ⊂ V1. Then |N+D1−S(v1)| =
|V2 \ S| ≥ m1 − |S| = dm1/2e + 1, contradicting that d+D1(v1) = dm1/2e by the orientation of D1.
Hence we have that |V (D′1)| ≥ 4, |V (D′1) ∩ V1| = p ≥ 2, and |V (D′1) ∩ V2| = q ≥ 2. Let V ′1 = V (D′1) ∩ V1,
V ′2 = V (D′1) ∩ V2. By the orientation of D1, |N−D1(V ′1)| ≥ bm1/2c + p − 1, |N−D1(V ′2)| ≥ dm1/2e + q − 1. So we have
|N+D1(V ′1)| ≤ dm1/2e − p + 1, |N+D1(V ′2)| ≤ bm1/2c − q + 1, and |N+D1(V ′1)| + |N+D1(V ′2)| ≤ m1 − p − q + 2. On the other
hand, N+D1(V
′
1) ⊇ N+D1−S(V ′1) ⊃ V2 − V ′2 − S, N+D1(V ′2) ⊇ N+D1−S(V ′2) ⊃ V1 − V ′1 − S, and so |N+D1(V ′1)| + |N+D1(V ′2)| >
2m1 − p− q− bm1/2c + 1. This means that dm1/2e < 1, a contradiction (sincem1 > p ≥ 2).
Hence, κ(D1) ≥ bm1/2c. On the other hand, κ(D1) ≤ min{δ−(D1), δ+(D1)} = bm1/2c. Therefore, κ(D1) = bm1/2c, and
D1 is an optimal strong (κ, d)-orientation of K(m1,m2).
Now we suppose that m1 < m2 ≤
(
m1
bm1/2c
)
. Let U be the set {v(2)1 , v(2)2 , . . . , v(2)m1 }. Let D2 be the strong orientation of
K(m1,m2) such that D2[V1 ∪ U] ∼= D1, d+D2(v(2)i ) = bm1/2c for every v(2)i ∈ V2, and the family F = {N+D2(v(2)i ) | v(2)i ∈ V2}
is an antichain.
In the proof of Theorem 1.3 (Miao and Guo [6]), we have shown that sdiam(D2) = sdiam(K(m1,m2)) = 4.
Consider any vertex set S ⊆ V (D2) with |S| = bm1/2c − 1. Then |S ∩ (V1 ∪ U)| ≤ bm1/2c − 1. By the proof of the case
of m1 = m2, we know that D2[V1 ∪ U] − S is strongly connected. Moreover, for any vertex v(2)i ∈ V2 with m1 < i ≤ m2,
d+D2(v
(2)
i ) = bm1/2c > bm1/2c − 1 and d−D2(v(2)i ) = dm1/2e > bm1/2c − 1. Hence, there exist v(1)p , v(1)q ∈ V1 \ S such that
v
(1)
p v
(2)
i , v
(2)
i v
(1)
q ∈ A(D2 − S). Therefore, D2 − S is strongly connected, that is, D2 is bm1/2c-strong connected. On the other
hand, κ(D2) ≤ min{δ−(D2), δ+(D2)} ≤ bm1/2c. Therefore, κ(D2) = bm1/2c, and D2 is an optimal strong (κ, d)-orientation
of K(m1,m2).
Subcase 1.2. k ≥ 3.
Let (V1, V2, . . . , Vk) be the k-partition of K(m1,m2, . . . ,mk) with |Vi| = mi, i = 1, 2, . . . , k, and let Ek be the set of the
edges in K(m1,m2, . . . ,mk)with an end vertex in Vk. Then the subgraph of K(m1,m2, . . . ,mk) induced by Ek is a complete
bipartite graph with bipartite partition (∪k−1i=1 Vi, Vk), denoted by K(m,mk). By Subcase 1.1, there is an orientation D of
K(m,mk) such that κ(D) = bm/2c and sdiam(D) = sdiam(K(m,mk)) = 4.
Let K be an orientation of K(m1,m2, . . . ,mk) such that D is a sub-digraph of K . Then bm/2c = κ(D) ≤ κ(K) ≤
min{δ−(K), δ+(K)} ≤ bm/2c and by Theorem 1.4, 4 = sdiam(K(m1,m2, . . . ,mk)) ≤ sdiam(K) ≤ sdiam(D) =
sdiam(K(m,mk)) = 4. So κ(K) = bm/2c and sdiam(K) = sdiam(K(m1,m2, . . . ,mk)) = 4. And then K is an optimal
strong (κ, d)-orientation of K(m1,m2, . . . ,mk).
Case 2.mk >
(
m
bm/2c
)
.
Subcase 2.1. k = 2.
Let (V1, V2) be 2-partition of K(m1,m2), where Vi = {v(i)1 , v(i)2 , . . . , v(i)mi }, i = 1, 2. Let U be the set {v(2)1 , v(2)2 , . . . ,
v
(2)(
m1bm1/2c
)}. Let K(m1, ( m1bm1/2c)) be the subgraph of K(m1,m2) with 2-partition (V1,U). By the proof of Case 1, let D2 be
the orientation of K(m1,
(
m1
bm1/2c
)
) satisfying κ(D2) = bm1/2c and sdiam(D2) = sdiam(K(m1,
(
m1
bm1/2c
)
)) = 4. Let D3 the
strong orientation of K(m1,m2) such that D3[V1 ∪ U] ∼= D2 and d+D3(v(2)i ) = bm1/2c for every v(2)i ∈ V2.
First we will show that sdiam(D3) = sdiam(K(m1,m2)) = 6.
Sincem2 >
(
m1
bm1/2c
)
, and by Theorem 1.3, we have sdiam(D3) ≥ 6.
Since D3[V1 ∪ U] ∼= D2, any two vertices u and v in V1 ∪ U are contained in a directed 4-cycle. So sd(u, v) ≤ 4.
Consider any two vertices v(1)i ∈ V1 and v(2)j ∈ V2 \ U . By Sperner’s Lemma, there exists a vertex v(2)p ∈ U such that
N−D3(v
(2)
j ) = N−D3(v(2)p ), N+D3(v(2)j ) = N+D3(v(2)p ), and v(1)i and v(2)p are contained in a directed 4-cycle
−→
C . Replace v(2)p by v
(2)
j in−→
C , then we obtain a directed 4-cycle containing v(1)i and v
(2)
j . So sd(v
(1)
i , v
(2)
j ) ≤ 4.
Consider any two vertices v(2)i ∈ V2 and v(2)j ∈ V2 \ U . If N+D3(v(2)i ) 6= N+D3(v(2)j ), then N+D3(v(2)i ) ∩ N−D3(v(2)j ) 6= ∅ and
N−D3(v
(2)
i )∩N+D3(v(2)j ) 6= ∅. Then v(2)i and v(2)j are contained in a directed 4-cycle. So sd(v(2)i , v(2)j ) ≤ 4. IfN+D3(v(2)i ) = N+D3(v(2)j ),
then v(2)i and v
(2)
j cannot be contained in any directed 4-cycle. On the other hand, by Sperner’s Lemma, there exists a vertex
v
(2)
p ∈ U such that N+D3(v(2)i ) ∩ N−D3(v(2)p ) 6= ∅ and N−D3(v(2)i ) ∩ N+D3(v(2)p ) 6= ∅. Then v(2)i and v(2)p are contained in the
directed 4-cycle v(2)i v
(1)
a v
(2)
p v
(1)
b v
(2)
i , where 1 ≤ a 6= b ≤ m1. Similarly, v(2)j and v(2)p are contained in the directed 4-cycle
v
(2)
j v
(1)
a v
(2)
p v
(1)
b v
(2)
j . By Lemma 1.2, we have sd(v
(2)
i , v
(2)
j ) = 6.
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Fig. 4. An optimal strong orientation of K(m1,m2, . . . ,mk)withmk >
(
m
bm/2c
)
, k ≥ 3 andmk−1 < dm/2e. The arcswhich are not shown arewith arbitrary
orientation.
Hence, sdiam(D3) = sdiam(K(m1,m2)) = 6.
Consider any vertex set S ⊆ V (D3) with |S| = bm1/2c − 1. Then |S ∩ (V1 ∪ U)| ≤ bm1/2c − 1. By the proof of Case 1,
we know that D3[V1 ∪ U] − S is strongly connected. Moreover, for any vertex v(2)i ∈ V2 with
(
m1
bm1/2c
)
< i ≤ m2,
d+D3(v
(2)
i ) = bm1/2c > bm1/2c − 1 and d−D3(v(2)i ) = dm1/2e > bm1/2c − 1. By a similar argument to Case 1, D3 is an
orientation of K(m1,m2) satisfying κ(D3) = bm1/2c and sdiam(D3) = sdiam(K(m1,m2)) = 6, which implies that K is an
optimal strong (κ, d)-orientation of K(m1,m2).
Subcase 2.2. k ≥ 3.
Let (V1, V2, . . . , Vk) be the k-partition of K(m1,m2, . . . ,mk), where
V1 = {v1, v2, . . . , vm1};
V2 = {vm1+1, vm1+2, . . . , vm1+m2};
· · ·
Vk−2 = {vm1+···+mk−3+1, . . . , vm1+···+mk−3+mk−2};
Vk−1 = {v(k−1)1 , v(k−1)2 , . . . , v(k−1)mk−1 };
Vk = {v(k)1 , v(k)2 , . . . , v(k)mk }.
First, suppose that mk−1 < dm/2e. Let U1 = {v1, v2, . . . , vdm/2e}, U2 = (∪k−2i=1 Vi) \ U1. Let V ′k = {v(k)1 , v(k)2 , . . . , v(k)bmk/2c},
and V ′′k = Vk \V ′k. Then |U1| = bm/2c, |Vk−1∪U2| = dm/2e, |V ′k| = bmk/2c and |V ′′k | = dmk/2e. Sincem1 ≤ mk−1 < dm/2e,
V1 ⊆ U1. Then for any vertex vi ∈ U2, vi is not in V1.
Consider an orientation K of K(m1,m2, . . . ,mk) such that Vk−1 ∪ U2 → V ′′k , V ′′k → U1; V ′k → Vk−1 ∪ U2, U1 → V ′k;
Vk−1 → U1; v(1)1 → U2; and other edges with arbitrary orientation (see Fig. 4).
Consider any vertex v(k)i ∈ V ′k. For any u ∈ Vk−1 ∪ U2, v ∈ U1 and v(k)j ∈ V ′′k , v(k)i uv(k)j vv(k)i is a directed 4-cycle in K . So
sd(v(k)i , u) ≤ 4, sd(v(k)i , v) ≤ 4 and sd(v(k)i , v(k)j ) ≤ 4. For another vertex v(k)p ∈ V ′k, v(k)i and v(k)p are contained in the strong
sub-digraph which is induced by the arc set {v(k)i v(k−1)1 , v(k)p v(k−1)1 , v(k−1)1 v(1)1 , v(1)1 v(k)i , v(1)1 v(k)p }. So sd(v(k)i , v(k)p ) ≤ 5. Hence,
we have se(v(k)i ) ≤ 5.
Similarly, for any vertex u ∈ V (K) \ V ′k, we have se(u) ≤ 5. Hence, sdiam(K) ≤ 5. On the other hand, mk >
(
m
bm/2c
)
, by
Theorem 1.4, we have sdiam(K) ≥ sdiam(K(m1,m2, . . . ,mk)) = 5. Hence, sdiam(K) = 5.
Consider any vertex set S ⊆ V (K)with |S| = bm/2c−1. Then (Vk−1∪U2)\ S 6= ∅, U1 \ S 6= ∅, V ′k \ S 6= ∅ and V ′′k \ S 6= ∅.
Hence, K − S is strongly connected, that is, K is bm/2c-strong connected. On the other hand, κ(K) ≤ min{δ−(K), δ+(K)} ≤
bm/2c. Hence, κ(K) = bm/2c. And then K is an optimal strong (κ, d)-orientation of K(m1,m2, . . . ,mk).
Secondly, suppose mk−1 = dm/2e. Then | ∪k−2i=1 Vi| = bm/2c. Consider an orientation K of K(m1,m2, . . . ,mk) such that
∪k−2i=1 Vi → Vk−1; Vk−1 → Vk; Vk → ∪k−2i=1 Vi; and other edges with arbitrary orientation (see Fig. 5).
For any vertex u ∈ ∪k−2i=1 Vi, v(k−1)i ∈ Vk−1, and v(k)j ∈ Vk, uv(k−1)i v(k)j u is a directed 3-cycle in K . For another vertex
u′ ∈ ∪k−2i=1 Vi, the sub-digraph induced by {uv(k−1)1 , v(k−1)1 v(k)1 , v(k)1 u′, u′v(k−1)1 , v(k)1 u} is a strong digraph containing u and
u′. So se(u) ≤ 5. Similarly, se(v(k−1)i ) ≤ 5 and se(v(k)j ) ≤ 5. Then sdiam(K) ≤ 5. By mk >
(
m
bm/2c
)
and Theorem 1.4,
sdiam(K) ≥ sdiam(K(m1,m2, . . . ,mk)) = 5. Hence, sdiam(K) = 5.
Consider any vertex set S ⊆ V (K) with |S| = bm/2c − 1. ∪k−2i=1 Vi \ S 6= ∅, Vk−1 \ S 6= ∅ and Vk \ S 6= ∅. Then, K − S is
strongly connected. Moreover, κ(K) ≤ min{δ−(K), δ+(K)} ≤ bm/2c. So κ(K) = bm/2c. And then K is an optimal strong
(κ, d)-orientation of K(m1,m2, . . . ,mk).
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Fig. 5. An optimal strong orientation of K(m1,m2, . . . ,mk)withmk >
(
m
bm/2c
)
, k ≥ 3 andmk−1 = dm/2e. The arcswhich are not shown arewith arbitrary
orientation.
Fig. 6. An optimal strong orientation of K(m1,m2, . . . ,mk)withmk >
(
m
bm/2c
)
, k ≥ 3 andmk−1 > dm/2e. The arcswhich are not shown arewith arbitrary
orientation.
Finally, suppose mk−1 > dm/2e. Let p = mk−1 − dm/2e. Clearly, p < bmk−1/2c ≤ bmk/2c. Let U ′1 = ∪k−2i=1 Vi,
U ′′1 = {v(k−1)1 , v(k−1)2 , . . . , v(k−1)p }; U ′2 = {v(k−1)p+1 , v(k−1)p+2 , . . . , v(k−1)2p }, U ′′2 = Vk−1 \ (U ′′1 ∪ U ′2); U ′3 = {v(k)1 , v(k)2 , . . . , v(k)bmk/2c},
U ′′3 = Vk \ U ′3. Then |U ′1 ∪ U ′2| = bm/2c, |U ′′1 ∪ U ′′2 | = dm/2e, |U ′3| = bmk/2c and |U ′′3 | = dmk/2e.
Consider an orientation K of K(m1,m2, . . . ,mk) such that U ′1 → U ′2 ∪ U ′′2 ∪ U ′3, U ′2 → U ′3, U ′′1 → U ′1 ∪ U ′′3 , U ′′2 → U ′′3 ,
U ′3 → U ′′1 ∪ U ′′2 , U ′′3 → U ′1 ∪ U ′2, and other edges with arbitrary orientation (see Fig. 6).
For any u′1 ∈ U ′1, u′′1 ∈ U ′′1 , u′2 ∈ U ′2, u′′2 ∈ U ′′2 , u′3 ∈ U ′3 and u′′3 ∈ U ′′3 , u′1u′3u′′2u′′3u′1 and u′1u′2u′3u′′1u′1 are directed
4-cycles in K . For another vertex v′1 ∈ U ′1, the sub-digraph induced by {u′1u′3, v′1u′3, u′3u′′1, u′′1u′1, u′′1v′1} is a strong sub-digraph
containing u′1 and v
′
1. So se(u
′
1) ≤ 5. Similarly, we have se(u′′1) ≤ 5, se(u′2) ≤ 5, se(u′′2) ≤ 5, se(u′3) ≤ 5 and se(u′′3) ≤ 5.
Hence, sdiam(K) ≤ 5. Moreover, by mk >
(
m
bm/2c
)
and Theorem 1.4, sdiam(K) ≥ sdiam(K(m1,m2, . . . ,mk)) = 5. Hence,
sdiam(K) = sdiam(K(m1,m2, . . . ,mk)) = 5.
Consider any vertex set S ⊆ V (K) with |S| = bm/2c − 1. Since |U ′1 ∪ U ′2| = bm/2c > bm/2c − 1 and |U ′′1 ∪ U ′′2 | =dm/2e > bm/2c−1, (U ′1∪U ′2)\ S 6= ∅ and (U ′′1 ∪U ′′2 )\ S 6= ∅. Moreover, U ′3 \ S 6= ∅ and U ′′3 \ S 6= ∅. By the orientation of K ,
we have N+(U ′3 \ S) = N−(U ′′3 \ S) = (U ′′1 ∪ U ′′2 ) \ S and N−(U ′3 \ S) = N+(U ′′3 \ S) = (U ′1 ∪ U ′2) \ S. Hence, K − S is strongly
connected, which implies that K is bm/2c-strong connected. On the other hand, κ(K) ≤ min{δ−(K), δ+(K)} ≤ bm/2c. So
κ(K) = bm/2c. And then K is an optimal strong (κ, d)-orientation of K(m1,m2, . . . ,mk).
Case 3.mk ≤ m.
Let (V1, V2, . . . , Vk) be the k-partition of K(m1,m2, . . . ,mk), where
V1 = {v1, v2, . . . , vm1};
V2 = {vm1+1, vm1+2, . . . , vm1+m2};
· · ·
Vk−1 = {vm1+m2+···+mk−2+1, . . . , vm};
Vk = {v(k)1 , v(k)2 , . . . , v(k)mk }.
Let t = m − mk, U1 = {vt+1, vt+2, . . . , vm} ⊇ Vk−1. And let K(mk,mk) be the subgraph of K(m1,m2, . . . ,mk)
with 2-partition (U1, Vk). By the proof of Case 1, let D1 be the orientation of K(mk,mk) satisfying κ(D1) = bmk/2c and
sdiam(D1) = sdiam(K(mk,mk)) = 4.
Let Gi be the subgraph of K(m1,m2, . . . ,mk) induced by {vt+1−i, . . . , vm}∪Vk for 0 ≤ i ≤ t . Wewill construct an optimal
strong (κ, d)-orientation Ki of Gi.
Let K0[Ak] ∼= D1, where Ak is the set of arcs in K0 with one end vertex in Vk and the other end vertex in U1, d+K0[Ak](v(k)i ) =bmk/2c for 1 ≤ i ≤ mk; other edges in G0 are oriented arbitrarily. Clearly, K0 is an optimal strong (κ, d)-orientation of G0.
Assume that we have constructed Kh for 0 ≤ h ≤ t − 1 which is an optimal strong (κ, d)-orientation of Gh. Suppose
vt−h ∈ Vr in K(m1,m2, . . . ,mk), then construct Kh+1 as follows,
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(a) in Kh+1, the orientation of the subgraph Gh is Kh;
(b) suppose Vr ∩U1 6= ∅; for any vi ∈ Vr ∩U1 and any jwith 1 ≤ j ≤ m− (m1+· · ·+mr), if j is odd, vm1+···+mr+jvi ∈ A(K1);
otherwise, vivm1+···+mr+j ∈ A(K1);
(c) if h = 0, let i0 = 1; for h ≥ 1, ifmk is odd, choose i0 with 1 ≤ i0 ≤ mk−1 such that dh/2e ≡ i0(modmk−1); ifmk is even,
choose i0with 1 ≤ i0 ≤ mk−1 such that d(h+1)/2e ≡ i0(modmk−1). If h+1 is odd, (U1\(Vr∪{vm−i0+1}))∪{v(k)mk−i0+1} ⊆
N+Kh+1(vt−h), (Vk\{v(k)mk−i0+1})∪{vm−i0+1} ⊆ N−Kh+1(vt−h); if h+1 is even, (U1\(Vr∪{vm−i0+1}))∪{v(k)mk−i0+1} ⊆ N−Kh+1(vt−h),
(Vk \ {v(k)mk−i0+1}) ∪ {vm−i0+1} ⊆ N+Kh+1(vt−h);
(d) for h ≥ 2 and any vi with t ≥ i ≥ t − h + 2, if vivt−h+1 ∈ A(Kh), then vt−hvi ∈ A(Kh+1); if vt−h+1vi ∈ A(Kh), then
vivt−h ∈ A(Kh+1);
(e) suppose, for h ≥ 1, vt−h+1 and vt−h are not in the same part, i.e., vt−h+1 ∈ Vr+1; assume |N+Kh(vt−h+1) ∩
{vt−h+2, . . . , vt}| ≥ |N−Kh(vt−h+1)∩ {vt−h+2, . . . , vt}|, for any vertex vt−h+j ∈ Vr+1 \ U1, if j is odd, vt−hvt−h+j ∈ A(Kh+1),
if j is even, vt−h+jvt−h ∈ A(Kh+1); assume |N+Kh(vt−h+1) ∩ {vt−h+2, . . . , vt}| < |N−Kh(vt−h+1) ∩ {vt−h+2, . . . , vt}|, for any
vertex vt−h+j ∈ Vr+1 \ U1, if j is odd, vt−h+jvt−h ∈ A(Kh+1), if j is even, vt−hvt−h+j ∈ A(Kh+1).
Now we will show that Kh+1 is an optimal strong (κ, d)-orientation of Gh+1.
Suppose h+ 1 is odd. First, show that sdiam(Kh+1) = sdiam(Gh+1) = 4.
By the induction hypothesis, we have known that for any vertices u, v ∈ V (Kh), sd(u, v) ≤ 4. And then we only need to
consider the eccentricity of vt−h.
For any vertex vi ∈ U1 \ Vr and i 6= m− i0 + 1, there exist v(k)j and j 6= mk − i0 + 1 such that viv(k)j , v(k)j vt−h ∈ A(Kh+1).
Thus, vt−h and vi are contained in the directed 3-cycle vt−hviv(k)j vt−h. vt−h and vm−i0+1 are contained in the directed 3-cycle
vt−hv(k)mk−i0+1vm−i0+1vt−h. Similarly, for any vertex v with v ∈ Vk, there is a directed 3-cycle containing vt−h and v.
For any vi ∈ Vr ∩ U1 (if exists), there exist v(k)j ∈ Vk and j 6= mk − i0 + 1, vi′ ∈ U1 \ Vr and i′ 6= m − i0 + 1 such that
vt−hvi′ , vi′vi, viv(k)j ∈ A(Kh+1). Thus, vi and vt−h are contained in the directed 4-cycle vt−hvi′viv(k)j vt−h.
If h ≥ 1, consider any vertex vi with t ≥ i ≥ t − h + 1. If vi and vt−h+1 are in the different parts in K(m1,m2, . . . ,mk),
there exists v ∈ V (K1) such that vivt−h+1vvt−hvi or vivt−hvvt−h+1vi is a directed 4-cycle in Kh+1. Assume vi and vt−h+1
are in the same part in K(m1,m2, . . . ,mk). If vt−h and vt−h+1 are in the same part in K(m1,m2, . . . ,mk), then there exist
vi′ ∈ U1\Vr and v(k)j ∈ Vk such that vivi′vt−hv(k)j vi or viv(k)j vt−hvi′vi is a directed 4-cycle. If vt−h and vt−h+1 are in the different
parts in K(m1,m2, . . . ,mk), and vt−hvi ∈ A(Kh+1), then we can find vi′ ∈ U1 and v(k)j ∈ Vk such that vt−hvivi′v(k)j vt−h is a
directed 4-cycle. Similarly, if vt−h and vt−h+1 are in the different parts in K(m1,m2, . . . ,mk), and vivt−h ∈ A(Kh+1), then we
can find a directed 4-cycle containing vi and vt−h.
Thus, se(vt−h) ≤ 4, which implies sdiam(Kh+1) ≤ 4. Bymk < mk+h+1 and Theorem 1.4, sdiam(Kh+1) ≥ sdiam(Gh+1) =
4. Hence, sdiam(Kh+1) = sdiam(Gh+1) = 4.
Secondly, show that Kh+1 is b(mk + h+ 1)/2c-strong connected.
By the orientation of Kh+1, we can assert that min{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥ b(mk + h+ 1)/2c.
If Vr ∩U1 = ∅, thenmin{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥ mk+b(h+1−|Vr ∩V (Kh+1)|)/2c. Sincemk ≥ mr ≥ |Vr ∩V (Kh+1)|,
min{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥ dmk/2e + b(h+ 1)/2c ≥ b(mk + h+ 1)/2c.
If Vr ∩U1 6= ∅, thenmin{d+Kh+1(vt−h), d−Kh+1(vt−h)} = mr+1+· · ·+mk−1. Since |Vr ∩V (Kh+1)| ≤ mr ≤ mr+1+· · ·+mk−1
and |Vr ∩ V (Kh+1)| +mr+1 + · · · +mk−1 = mk + h+ 1, min{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥ b(mk + h+ 1)/2c.
Similarly, we have min{d+Kh+1(vt−h+1), d−Kh+1(vt−h+1)} ≥ b(mk + h + 1)/2c, and, for any vertex w in Kh which is in the
same part with vt−h+1, min{d+Kh+1(w), d−Kh+1(w)} ≥ b(mk + h+ 1)/2c.
Consider any vertex set S with |S| = b(mk + h+ 1)/2c − 1.
If vt−h ∈ S, then |V (Kh) ∩ S| = b(mk + h + 1)/2c − 1 − 1 ≤ b(mk + h)/2c − 1. By the induction hypothesis,
Kh+1 − S = Kh − (S \ {vt−h}) is strongly connected.
Hence assume vt−h 6∈ S and S ⊆ V (Kh).
If mk + h + 1 is odd, then |S| = b(mk + h + 1)/2c − 1 = b(mk + h)/2c − 1. By the induction hypothesis,
(Kh+1 − vt−h) − S = Kh − S is strongly connected. By min{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥ b(mk + h + 1)/2c, there exist
x, y ∈ V (Kh+1 − S) such that xvt−h, vt−hy ∈ A(Kh+1 − S). Therefore, Kh+1 − S is strongly connected.
Ifmk + h+ 1 is even, thenmk is odd and |S| = b(mk + h+ 1)/2c − 1 = b(mk + h)/2c.
Suppose h = 0. For any vertex vi ∈ U1, there exists v(k)j ∈ Vk \ S such that viv(k)j ∈ A(K1 − S), since |N+K1(vi) ∩ Vk| =
dmk/2e > bmk/2c. If vi ∈ U1 \ Vr , then vt and vi are contained in the directed 3-cycle vtviv(k)j vt . Suppose vi ∈ Vr ∩ U1.
If there is a vertex vp ∈ U1 \ (Vr ∪ S) such that vpvi ∈ A(K1 − S), then vt and vi are contained in the directed 4-cycle
vtvpviv
(k)
j vt . Otherwise, assume |U1 ∩ S| = a. Let T = N−K1(vi) ∩ (Vk \ S). Then |T | ≥ a since |N−K1(vi) ∩ Vk| = bmk/2c and
|Vk ∩ S| = bmk/2c − a. And then |N−K1(T ) ∩ U1| ≥ dmk/2e + a − 1, and |N−K1(T ) ∩ U1| − |U1 ∩ S| − |Vr ∩ (U1 \ {vi})| ≥dmk/2e + a− 1− a− (bmk/2c − 1) = 1 since |Vr ∩ (U1 \ {vi})| ≤ bmk/2c − 1. Consequently there exist vp ∈ U1 \ (Vr ∪ S)
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and v(k)q ∈ T ⊆ Vk \ S such that vpv(k)q , v(k)q vi ∈ A(K1 − S). Then vt and vi are contained in the directed cycle vtvpv(k)q viv(k)j vt .
Similarly, for any vertex v(k)i ∈ Vk \ S, vt and v(k)i are contained in a directed cycle. Therefore, K1 − S is strongly connected.
Suppose h ≥ 1. If vt−h+1 ∈ S, |(S \ {vt−h+1}) ∩ V (Kh−1)| = b(mk + h)/2c − 1 = b(mk + h− 1)/2c − 1. By the induction
hypothesis, (Kh+1 − vt−h)− S = Kh−1 − (S \ {vt−h+1}) is strongly connected. Similarly, by min{d+Kh+1(vt−h), d−Kh+1(vt−h)} ≥b(mk + h + 1)/2c, there exist x, y ∈ V (Kh+1 − S) such that xvt−h, vt−hy ∈ A(Kh+1 − S). Therefore, Kh+1 − S is strongly
connected. Otherwise vt−h+1 6∈ S. Then there exist u, v ∈ V (Kh+1 − S) such that vt−h+1u, vvt−h+1 ∈ A(Kh+1 − S), since
min{d+Kh+1(vt−h+1), d−Kh+1(vt−h+1)} ≥ b(mk + h + 1)/2c. If vt−h is not one of u, v, by the orientation of Kh+1, we have
uvt−h, vt−hv ∈ A(Kh+1 − S). If vt−h is one of u, v, say u, then vt−hv ∈ A(Kh+1 − S). In any case, u, v, vt−h, vt−h+1 are
contained in a directed 4-cycle or 3-cycle, say C , in Kh+1 − S. Consider any vertex w ∈ Kh+1 − (S ∪ {vt−h, vt−h+1, u, v}). If
w and vt−h+1 are not in the same part, then wvt−h, vt−h+1w ∈ A(Kh+1 − S) or wvt−h+1, vt−hw ∈ A(Kh+1 − S). Then, w can
reach some vertex on the directed cycle C and be reachable from some vertex on C . If w and vt−h+1 are in the same part,
since min{d+Kh+1(w), d−Kh+1(w)} ≥ b(mk + h + 1)/2c, there exist x, y ∈ A(Kh+1 − S) such that wx, yw ∈ A(Kh+1 − S). It is
clear that both x and y are in the different parts with vt−h+1. If x (resp. y) is not on the cycle C , there is a directed path in
Kh+1− S from x (resp. a vertex on C) to a vertex on C (resp. y), implying thatw can reach some vertex on C and be reachable
from some vertex of the directed cycle C . Thus, Kh+1 − S is strongly connected.
Hence, Kh+1 is b(mk + h + 1)/2c-strong connected. On the other hand, κ(Kh+1) ≤ min{δ−(Kh+1), δ+(Kh+1)} ≤
b(mk + h + 1)/2c. So κ(Kh+1) = b(mk + h + 1)/2c. And then Kh+1 is an optimal strong (κ, d)-orientation of the subgraph
Gh+1.
If h+ 1 is even, similarly, Kh+1 is an optimal strong (κ, d)-orientation of the subgraph Gh+1.
Hence, Kt is an optimal strong (κ, d)-orientation of the subgraph of K(m1,m2, . . . ,mk). 
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